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1. Introduction 

As a counterpart to some extent of the Levy-Prohorov metric in the probability 
measure space (see [Du, p. 394] and [Ra]), in this paper, we introduce and construct 
several ball-type metric structures (see /^xV the Def.4.1 below) on map- 

pings over spaces of balls in non-Archimedean spaces. We obtain some basic facts 
on them (see Theorems 4.2, 4.5, 4.6, 4.9, 4.11 below). These metrics behave very 
differently comparing with the usual Levy-Prohorov metric, and they are interesting 
in themselves. The Dudley type metric in the space of non- Archimedean measures 
(see Theorems 5.2,5.3, 5.4 below) as well as several related Hausdorff metric struc- 
tures in non-Archimedean spaces are also estabhshed and studied (see Theorems 
3.2, 3.5, 2.8, 2.10 below). This work is a continuation of [Q]. 

Since a p— adic distribution can be viewed as a function on the set of balls in certain 
ultrametric space, one of our motivation for such constructions, as implied in section 
5 below, is try to find a natural metric structure for a family of p— adic L— functions, 
such that we can observe some phenomenon when they are convergent and have a 
limit, and hope to know what will happen for arithmetic information (e.g., special 
values) conveyed in such a limit process. This will be studied in a separated paper. 

Notation and terminology. Let X be a metric space endowed with the 
metric d. For any subsets A and B of X, the diameter of A is diam(74) = sup{(i(a;, y) : 
x,y E A}, the distance between A and B is dist(^, B) — mi{d{x, y) : x e A,y e B}, 
in particular, for x & X, dist(a;, ^4) = dist{{x}, A). For a set Y G X and £ > 0, 
its £— neighborhood is the set U^{Y) = {x e X : dist(x, y) < e}. The Hausdorff 
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distance between A and B, denoted by dniA, B), is defined by 

dniA, B) = mi{e > : A C U,{B) and Be U,{A)} 
= max{supdist(a, i?), supdist(6, A)}. 

aeA beB 

Moreover, for a e X and r e (0, oo) C M (the real number field), the open ball of 
radius r with center a is the set Ba{r) — {x & X : d{a, x) < r}; The dosed ball of 
radius r with center a is the set Ba(r) — {x E X : d{a, x) < r}. A ball in {X, d) 
is a set of the form Ba{r) or Ba{r) for some a E X and r e (0, oo). In this paper, 
a metric may take the value oo. For more basic facts of metric spaces, we refer to 
[BBI] and [G]. 

Throughout this paper, unless otherwise specified, we use the notation d denote the 
non- Archimedean metric on a space X, that is, is a metric on X and satisfies the 
strong triangle inequality d{x^z) < max{(i(a;, t/), d{y^z)} {x,y,z e X). A set X 
endowed with a non- Archimedean metric dx is called a non- Archimedean metric 
space (also called ultrametric space), which is denoted by {X, dx)- The Hausdorff 
distance between subsets of X is then denoted by dx,H- It is well known that, in 
{X, dx), each ball is both open and closed, each point of a ball may serve as a center, 
and a ball may have infinitely many radii (see [Sc, p. 48]). For more basic properties 
of non- Archimedean metric spaces, we refer to [BGR] and [Sc] . 
As usual, the symbols Z, Q, M, C, Fp, Zp and Qp represent the integers, rational num- 
bers, real numbers, complex numbers, field with p elements, p— adic integers and 
p— adic numbers, respectively. We denote the completion of the algebraic closure 
Qp of Qp by Cp, which is endowed the non- Archimedean metric dp induced by the 
normalized valuation \.\p satisfying \p\p — ^ {i.e., dp{a, (3) —\ a — (3 \p,ya,f3 e Cp), 
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and called the Tate field (see [K], [Se]). 

2. Ultrametric structures on balls 

Firstly we have the following simple formula for computing the Hausdorff dis- 
tance between balls in a non- Archimedean metric space. 

Lemma 2.1. Let Bi and B2 be two balls in a non- Archimedean metric space 
{X,d), then their Hausdorff distance is 

r dist(5i,52) if Si 0^2 = 0; 

dniBi, B2) = I max{diam(Si), diam(S2)} if Si f) ^2 7^ and Si ^ S2; 
[0 if Si = S2. 

In particular, (i//(Si,S2) > max{diam(Si), diam(S2)} if Si 7^ S2. 

Moreover, for any non-empty subsets Ai of Sj {i — 1,2), if S1PIS2 = 0, then 

dH{A,,A2)=dH{B,,B2). 

Proof. Easily follows from the definition. 

Proposition 2.2. Let {X, d) be a metric space. Then the metric d is non- 
Archimedean if and only if the Hausdorff distance du satisfies the following con- 
dition: For any balls Si and S2 in X with S1PIS2 = 0, we have dH{Bi,B2) = 
dist(Si,S2). 

Proof. The necessity follows from the above Lemma 2.1. For the sufficiency, 
we only need to verify that, under the given condition, the metric d satisfies the 
strong triangle inequality. To see this, let a, 6, c e X. If d{a,b) > d{a,c), then we 
want to show that d{a,b) = d{c,b). In fact, one can take a real number r with 
d{a,c) < r < d{a,b). Then for the dosed ball S = Ba{r), we have c E B and 
b ^ B. Take an open ball Si = Sb(ri) of radius ri > with center 6 in X such 
that Si Pi S = 0. By the given condition, we have di/(Si,S) = dist(Si,S), then 
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it follows that dist(6i, = dist(62,-Bi) for any 61,62 G B. In particular, we have 
dist(a, Bi) — dist(c, Bi). Then by taking the limit ri — > 0, we get d{a, b) — d{c, h). 
So we are done, and the other cases are obvious. The proof of Proposition 2.2 is 
completed. □ 

Lemma 2.3. Let {X, d) be a non- Archimedean metric space and A C X be a 
non-empty subset. 

(1) For any e > 0, we have Ue{Ue{A)) = Ue{A). In particular, \l A — B is di, ball 

{ B if £ < r 

with diameter r = diam(S), then UJB) — < „ , x ' Here b E B can 
be arbitrarily chosen. Furthermore, for any positive numbers £1 and 62, we have 

(2) Let £ > 0, if Us{A) ^ X, then the characteristic function 

is uniformly continuous, and dist(C4(74), X \ U^{A)) > e. 

Proof. (1) follows easily from the definitions. 
(2) By (1), we know that is uniformly open, so XUeiA) is uniformly continuous 

(see [Sc, p.50]). The last inequality follows easily from the definition. □ 

Lemma 2.4. Let {X, d) be a non- Archimedean metric space. Then 

(1) dn is a non-Archimedean semi-metric on 2^ \ {0} ( the set of all subsets of X 
except the empty set ). 

(2) dH{A^ ^4) = for any ^ ^ A d X, where A denote the closure of A in X. 

(3) II A and B are closed subsets of X and dniA, B) — 0, then A — B. 

Proof. By Proposition7.3.3 of [BBI, p. 252], we only need to verify the 
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strong triangle inequality for dn- To see this, take A,B,C G 2"^ \ {0}, we want 
to show that dniA, B) < m.&yi{dH{-A., C), dniC, B)}. we may as well assume that 
dniA^ C) < dniC, B) = r. li r = oo, then we are done. So we assume that r < oo. 
Then for any £ > 0, by definition and Lemma 2.3(1), it is easy to see that 

A C Ur+e{C) C Ur+e{Ur+e{B)) = 

B C Ur+e{C) C Ur+e{Ur+e{A)) = Ur+s{A). 

So dniA, B) < r + £ for any £ > 0. This shows that 
dn^A, B)<r = max{(Fj^(A, C), dn^C, B)}. □ 

It follows easily by Lemma 2.4 that {M.{X), dn) is a non- Archimedean metric 
space, where M.[X) is the set of non-empty closed subsets of X. Moreover, every 
element of the quotient (2^ \ {^})/dH can be represented by a closed set and there- 
fore (2^ \ {0})/d// is naturally identified with {M{X), dn)- Furthermore, if X is 
complete (resp. compact), then (A^(X), dn) is complete (resp. compact) (see [BBI, 
Prop.7.3.7 and Thm. 7.3.8]). 

Recall that a ball in {X, d) is a set of the form Ba{r) or Ba{r) for some a E X and 
r e (0, oo), and every ball in a non- Archimedean metric space is both open and 
closed. 

Definition 2.5. Given a non- Archimedean metric space {X, d), we set 
Mi,{X) = { all balls in X}, Mi,{X) = Mi,{X) \J{{x} : x e X}. 
Since each ball in X is both open and closed, it is obvious that A4\,{X), M.\,(X) C 
M{X). So both {M\,{X), dn) and {M\,{X), dn) are subspaces of (7W(X), dn)-, 
and they are all non- Archimedean metric spaces. 

Lemma 2.6. Let (X, d) be a non-Archimedean metric space. If {Bjn}'^=i C 
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{J\4\,{X), dn) is a Cauchy sequence of balls, then either dia.m{Bm) ^ as m ^ oo, 
or Bm — Bm+i (i = 1, 2, • • • ) for sufficiently large m. 

Proof. If the conclusion that diam{Bjn) — > as m — > oo does not hold, then 
there exists an £o > such that for any > 0, there exists an integer n > N 
satisfying diam(S„) > Eq. Put e — ^. Since {Bm}m=i is a Cauchy sequence, there 
exists a positive integer mo such that for any positive integers m,n > mo, we have 
dH{Bm, Bn) < s. Take an integer uq > mo such that diam(5„g) > Eq, then for any 
positive integer i, we must have Bn^ — Bno+i- Otherwise, by Lemma 2.1, one has 
So < max{diam(5^J, diam(S„o+j)} < B^o+i) < e = f, 

a contradiction! So we obtain that Bn^ — Bn^+i for all positive integers i. This 
completes the proof of Lemma 2.6. □ 

If the sequence of subsets of {X, d) is convergent to a subset A under dn, 

we will write it as dn — limj_^oo Aj, = A. 

Proposition 2.7. Let (X, d) be a non- Archimedean metric space and {Bm]m=i ^ 
{M.\,{X), dn) be a sequence of balls. If dn — linim-^oo -^m = I? for a non-empty 
closed subset D of X, then D e M\){X). 

Proof. Since {i?^}^^^ is a Cauchy sequence, by Lemma 2.6 above, B^ = 
Bjn+i (i = 1,2, •••) for sufficiently large m, or diam(S^) — >■ as m — >■ oo. For 
the former, we have D = Bm € A4\,{X). So we only need to verify that D is an 
one-point set if diam(STO) — > as m — > oo. In fact, if otherwise, then '^D > 1 and 
so there exist elements a,b G D with a ^ b. Denote r = d{a,b), then r > 0. Take 
£ = |, then there exists a positive integer mo such that for any positive integer 
m > mo we have both diam(i3^) < s and dniB^n, D) < e. Thus by definition we 
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get dist(a, Bm) < dniBm, D) < e and dist(6, Em) < dniBm-, D) < e. Then for 

_ . J ci(a, c) = dist (a, Bm) H a ^ B^', , T/ x T ■^ 

any c e -B^, since < ' we get a(a, c) < e. Likewise, 

I d{a, c) < diam(i?m) if a G Bm, 

d{b, c) < e. Hence by the strong triangle inequahty, we get d{a, h) < e. This is 
impossible because d{a, h) = r — 2e. Therefore — 1 and so we are done. This 
completes the proof of Proposition 2.7. □ 

Theorem 2.8. Let {X, d) be a non-Archimedean metric space. 

(1) If (X, (i) is complete, then (A^[,(X), dn) is complete, and M.\^{X) is dense in 
M\,{X), i.e., M\,{X) is the completion of M\,{X). 

(2) If (X, (i) is compact, then (A^(,(X), dn) is compact. 

Proof. (1) To show M.\,{X) is complete, we need to verify that every Cauchy 
sequence in it has a limit. So we take a Cauchy sequence {Cn}'^=i in {M.\,{X), dn)- 
Then it has a limit C in M.{X) because (A^(X), dn) is complete by our assumption. 
We need to show that C e M.\,{X). To see this, firstly we assume that there exists 
a positive integer hq such that C„ G M.\,{X) for all positive integers n > Uq, then 
by Proposition 2.7 we get C e M.\,{X). Next we assume that there exists a subse- 
quence {Cni}iZi of {Cn}'^=i such that C„. = {xj} with Xi G X for alH = 1, 2, • • • . 
Obviously, {C„.}^i is convergent and — limj_>.ooC„. = C. As one can easily see 
that dniixi}, {xj}) — d{xi, Xj), it follows that {xi}^i is a Cauchy sequence in 
(X, d), and so liuii^ooXi = x for some x E X. Hence dH{{xi}, {x}) = d{xi, a;) — >■ 
as i — > oo. So — limj_^oo C'ni — {x}, therefore C = {x} e A4i,(X). This shows 
that {Ai\,(X), dn) is complete. In particular, Ai\,(X) is a closed subset in A^(X). 
Now we come to show the density of M.\,{X) in M.\,{X). We may as well assume 
that M^{X) ^ M(X). Let C e M\>{X) \ M\,{X). Then C = {x} for some x e X. 
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For every positive integer n, let Cn = Bx{^) be the open ball of radius ^ with 
center x as defined before. Then C„ e M.\,{X) for all n > 1. By Lemma 2.1, we 
have dniC, Cn) = dndx}, Cn) = diam(i?j.(i)) < ^ ^ as n ^ oo. Therefore 
dn — lim^^oo C'n — C. This proves the density. 

(2) As mentioned above, dn) is compact by our assumption, then the 

conclusion follows easily from (1). This completes the proof of Theorem 2.8. □ 

Remcirk 2.9. Let (X, d) be a complete non- Archimedean metric space. By 
Theorem 2.8, it is easy to see that {M.\,{X), dn) is complete if and only if all the 
one-point subsets {x} of X are balls, in other words, {X, d) is discrete. 

Theorem 2.10. Let (X, d) be a complete non- Archimedean metric space. 
If X is separable, then {M.\,{X), dn) is separable. Particularly, if every ball in X 
contains at least two distinct points, then the converse holds, that is, if {M.\,{X)^ dn) 
is separable, then [X, d) is separable. 

Recall that a topological space is separable if it contains a countable dense subset. 

Proof. By Theorem 2.8, we know that {M.\){X), dn) is complete and M.\>{X) 
is dense in M.\,{X). So if X is separable, then the collection of its balls is countable 
(see [Sc, Thm. 19.3, p. 51]), i.e., M.\,{X) is a countable set, which shows A4.\,{X) is 
separable. 

Now we assume that each ball in X has at least two distinct points. Under this 
condition, we want to show the converse holds. In fact, if {M.\){X)^ dn) is separable, 
then it contains a countable dense subset S. We assert that M.\,{X) C S. If otherwise, 
then there exists a ball B X such that B ^ S. By our assumption, we have 
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diam(i?) > 0. Denote r = diam(i?)/2 and let 

BB{r) = {B' e : MB, B') < r} 

be the open ball in A4\,{X) of radius r with center B. Then by Lemma 2.1 one 
can easily obtain that Bsir) = {B}, i.e., B is an isolated point in M.\,{X). So 
BB{f')f]S = 0, a contradiction ! This proves our assertion, so M.\,{X) C S, and 
then A4\,{X) is countable, which implies that {X, d) is separable (see [Sc, Thm. 19.3, 
p. 51]). The proof of Theorem 2.10 is completed. □ 

Proposition 2.11. Let / : R>o — >■ M be a continuous function. We define a 
function p/ on {M\,{X), dn) by setting pf{A) — /(diam(74)) for each A e Mi,{X). 
Then p/ is uniformly continuous. 

Proof. For any £ > 0, by the continuity, 35 > such that | f{x) — /(O) |oo< | 
for any real number x G [0, S), where | |oo denotes the usual absolute value of the real 
number field M. Then for any Ai, A2 G M.i,{X) satisfying dniAi, A2) < S, by Lemma 
2.1 one has either Ai — A2 or max{diam(Ai) , diam(A2)} < dniAi, A2) < 5. So 
either Pf{Ai) = pf{A2) or | pf{Ai) - pf{A2) |oo=| /(diam(Ai)) -/(diam(A2)) |oo< 
I /(diam(Ai)) - /(O) |oo + | /(diam(A2)) - /(O) |^< | + | = £. This shows that pf 
is uniformly continuous, and the proof of Proposition 2.11 is completed. □ 

Definition 2.12. Given a non- Archimedean metric space {X, d), in the above 
Definition 2.5 we have defined two corresponding non- Archimedean metric spaces 
{M.\,{X), dn) and {M.i,{X), dn)- Now we view the symbols M.\) and M.\, as opera- 
tors, and define inductively two sequences of metric spaces M.^^\x) and M^^\x) 
as follows: 
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Set mI'\x) = M^,{Xy, mI'\x) = Mi,{X) 

with the induced Hausdorff distance d\j' — dn] 

Mf\x) ^ M,{M^^\X))- Mf\x) ^M,{M^^\X)) 

with the induced Hausdorff distance d!'^ = 

And for general positive integer n > 1, set 

Mi"\x) = M,{Ml''-'\x)y, Mt'\x) = M(Mt'\x)) 

with the induced Hausdorff distance = 

For convenience, we write Ji4'^\x) = X = A4!jl^\x). It is easy to know that all 
(MI"'\x), 3^^) and {M^^\x), d^^) non- Archimedean metric spaces. In par- 
ticular, if {X,d) is complete (resp. compact), then all {M.^^\x), d^^) are complete 
(resp. compact). 

If we set jx ■■ X ^ M\,{X), x ^ {x}, then obviously dH{3x{xi),3x{x2)) = 
d{xi^X2)i so jx is an isometric embedding and X can be viewed as a subspace 
of M.\,{X). By this way, for each non-negative integer n,M^^\x) can be viewed 
as a subspace of J\/l^^^^\x). So we may define the direct limit space J\/l^^\x) = 
lim„_^oo {X) endowed with the inductive topology. On the other hand, it is easy 
to see that Mi°°\x) is a non- Archimedean metric space endowed with the metric 
defined as follows: For any elements a, /3 e mI°°\x), there exists a non- 
negative integer n such that a, ^ e mI^\x), and we define d!'^\a, 13) — d!'^\a, /3). 
Let A^i, (X) be the completion of A^i, {X) under the metric (V^ ■ A question is 

Question 2.13. Is it true that M.^ [X) = Ai^ (X), in other words, is 
mI'^\x) complete ? 

3. Ultrametric structures on mappings 
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For any two non- Archimedean metric spaces {X, dx) and (F, dy), lei Z = XxY 
be their Cartesian product. As usual, we define a function dz on Z x Z by 

dz{{xi,yi),{x2,y2)) = max{dx(a;i, 2^2), c?y(yi,y2)} (V (xi, yi), (^2, ^2) e Z). 

Then it is easy to see that dz is a non- Archimedean metric on Z, which is called the 
sup-metric of dx and (iy(see [V]). Throughout this paper, for any topological spaces 
V and W, we denote 

m(V ^W)^ {all maps f:V^W}, 

€{V ^ 1^) = {all continuous maps f :V ^ W}, 

^u{y = {all uniformly continuous maps f : V ^ W}. 

Moreover, for every / e f)JH{V W), we write Tf = {{v, f{v)) : v e V} G V x W, 
which is the graph of the map /. 

Definition 3.1. Let {X, dx) and (Y/dy) be two non-Archimedean metric 
spaces. For any f,g& ^ F), we define 

PH{f,g) = dz,HO^f,rg), Ps{f,g) = SUpdy(/(x),C/(x)), 

where Z = X xY is endowed the sup-metric dz of dx and dy defined as above, and 
dz,H is the corresponding Hausdorff distance between subsets of Z. We also define 
for any real number £ > 

Of{s) — sup{ciy(/(a;i), /(X2)) : Xi,X2 G X and dx{xi,X2) < s} and 
ef,,{e) = min{ef{e), e,{e)}. 

Obviously, for any a > 0, the right-hand limit lim£_j.a+ Of^g{e) exists, and we denote 
it by 9f^g{a)'^. From Lemma 2.4 above, pn is a non-Archimedean semi-metric in 
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9Jl(X Y), and (OK(X Y)/ph,Ph) is a non- Archimedean metric space (see 
[BBI, p. 2] for the notation). 

Recall that for a map / e Wl{X — > Y) , its distorsion dis/ is defined by 

dis/ = sup I dy(/(xi),/(x2)) - dx{xi,X2) I (see [BBI], p.249). 

Theorem 3.2. Let {X, dx) and (y, o?y) be two non- Archimedean metric 
spaces. 

(1) For any f,ge Ti{X ^ F), we have 

pH{f,g) <Ps{f^9) <T^^^{^f,9{pH{f,9)y, pH{f,9)}, and 
dfAPnif, 9)y < Mf, 9) + niin{dis/, disg}. 

(2) Let /„ e m{X y) (n = 1, 2, • • • , 00) and 5 e C„(X Y). Then the sequence 
{fn}n=i converge uniformly to g if and only if hm„^oo P//(/n, 9) = 0- 

Proof. (1) The first inequality follows easily from the definitions. For 
the second inequality, let e > PH{f,9), then, for any x & X, by definition, e > 

dist{{x,f{x)),Tg) = mi^>(zxmax{dx{x,x'),dY{f{x),g{x'))}, where {x,f{x)) G F/. 
So there exists a point x' e X such that dx{x' , x) < e and dY{f{x),g{x')) < e. Then 

dY{f{x),g{x)) < max{dy(/(x),g'(a;')), dyigix'), g{x))} < max{£, 9g{e)}, 

which implies Ps{f,g) < max{£, Og{e)} because x is arbitrary. Similarly we have 
Ps{f,9) ^ max{£, 9f{e)}. Therefore we obtain 

Ps{f^9) < max{e,mm{ef{e),eg{e)}} = max{e, 6 f,g{e)} 

for arbitrary e > pnif, 9), and the second inequality follows. For the last inequality, 
let e > PH{f,g), for any xi,X2 G X with dx{xi,X2) < s, by the definition of dis/, 
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we have dY{f{xi),f{x2)) < s + disf. So 9f{s) < £ + dis/. Similarly, Og{s) < s + disg. 
Therefore Of^g{e) < £+min{dis/, disg} for all e > pnif, g), by taking the right-hand 
limit, the last inequality follows. This proves (1). 
(2) If {/njJJLi converge uniformly to g, then by definition, 

Ps{fn,9) = sup dY{fn{x),g{x)) OS 71 ^ OO. 

xex 

So by (1) above, pnifn, g') ^ as n — > oo. 

Conversely, assume that lim„_j,oo Af/(/n, 5*) — 0. Since g is uniformly continuous, for 
any £ > 0, there exists a, S > such that dyigixi), g{x2)) < e for all xi,X2 G X 
with dx{xi,X2) < S. So by definition, 9g{6) < e. Denote Eq = m.m{e,S}, then by 
assumption, there exists a positive integer N such that pnifn, 9) < for a-U n> N. 
Obviously, Of^^g{r]) < 9g{rj) < 9g{8) < e for all 77 : pnUn^g) < V < ^o, which implies 
that 9f„,g{pH{fn,9)y < Therefore, by (1) above, Ps{fn,g) < £ for all n > N, 
which implies that {/n}^i converge uniformly to g, this proves (2), and the proof 
of Theorem 3.2 is completed. □ 

Remark 3.3. For /, g as in Theorem 3.2(1) above, if one of them is a nonex- 
panding map (see [BBI], p. 9), then it can be easily verified that PH{f,g) — Ps{f,9)- 

Definition 3.4. Let {X, dx) and (F, dy) be two non- Archimedean metric 
spaces. 

(1) For any f,ge 9Jt(X ^ y), we define 

Pb{f,g) = inf{£ > : dY{f{x),g{x')) < e and dY{g{x)J{x")) < e 

for some x',x" e B:^{s) (Vx G X)}. 
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It is easy to see that 

Pb{f,g) = mi{e > : dist{f{x), g{B^{s))) < e and dist {g {x), f{B^{s))) < e 

for all X e X}. 

(2) For any f,g e m{X ^ F), we define 

Pu{f,g) — inf{£ > : there exists a S > such that sup dY{f{x),g{x')) < e 

and sup dyigix), f{x')) < e for all x G X} ii f ^ g^ 

Pu{f\9) = if / = ^. 

It is easy to see that lox f ^ g, 

Pu{f,g) = inf{£ > : there exists a, 6 > such that dY{f{x),g{x')) < s 

for all x,x' & X with dx{x, x') < 5}. 

For / G 9Jt(X — )■ Y) as above, recall that / is called Lipschitz if there exists 
a real number c > such that dy(/(xi), /(X2)) < c • dx{xi,X2) for all xi,X2 G X. 
The dilatation of a Lipschitz map / is defined by 

dil/= sup ^y(/(^i)^/(^2)) (see [BBI, p.9] and [G, p.l]). 

xi,X2eX, xij^X2 dx{Xi,X2) 

We denote dil/ = +00 if / is not a Lipschitz map. 

Theorem 3.5. Let {X, dx) and (F, dy) be two non- Archimedean metric 
spaces. 

(1) p„ is a non- Archimedean metric in — >■ Y), that is, (9Jl(X — >■ y), p„) is a 
non- Archimedean metric space. 

(2) For any /, g' G 9Jl(X — >■ Y), we have pnif^g) < Puif^g)- In particular, if both 
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/ and g are nonexpanding, then pH{f,g) = Pu{f,g)- 

(3) For any f,gE 9Jt(X — >■ y), we have pnif, g) — Pb{f: g)- Particularly, if either / 
or gf is a Lipschitz map, and min{dil/, dil^f} > 1, then 

g) < min{dil/, dilg} ■ psif, g). 

Proof. (1) Obviously, g) = p^{g, f) > for all f,ge 9Jl(X ^ y). If / ^ ^, 
then f{xo) ^ g{xo) for some xq e X, so dY{f{xo),g{xo)) > 0. Also for any S > 
0, sup^,g5^^(5) rfy(/(a;o),5'(a;')) > dY{f{xo),g{xo)). Hence, by definition, Pu{f,g) > 
dY{f{xo),g{xo)) > 0. Now we come to verify the strong triangle inequality. To see 
this, let f,g,hE DJl{X Y), we may as well assume that h) > Pu{g, h), and 
we want to show that Puif,g) < Puif,h). In fact, for any e > Pu{f,h), note that 
also s > Pu{g,h), it then follows easily by definition that, there is a 5 > such that 

sup dY{f{x),h{x'))<£, sup dY{h{x), f{x')) < e, 

sup dY{g{x),h{x')) < e, sup dY{h{x), g{x')) < e {Wx e X). 

Particularly, dY{g{x),h{x)) < e (Vx e X). So, 

dY{f{x),g{x')) < max{dy(/(x),/i(x')), dY{g{x'),h{x'))} < e (Vx' e B,{5)), 

hence sup^,gB,(5) dY{f{x), g{x')) < e, similarly sup^,g^^(5) (^(x), /(x')) < e (ix e 
X), which implies Pu{f,g) < £■ Since e > pu{f,h) is arbitrary, we get Puif,g) < 
Pu{f, h). So the strong triangle inequality holds. This proves (1). 
(2) For any e > 'Pu{f,g), by definition, it is easy to see that there is a positive 
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number S < s such that sup^/g^^^^^ dY{f{x),g{x')) < s {\/x e X). Then 
dist((a;,/(a;)),rg) = inf max{dx{x,x"), dY{f{x),g{x"))} 

< sup v[vax{dx{x,x'), dyifix), g{x'))} 

< £ (Vx e X). 

Similarly, dist{{x, g{x)),rf) < e (Vx e X). Therefore, by definition, it follows easily 
that PH{f,g) = rfz,i/(r/,rG) < e, which implies PhU',9) < Pu{f,g) because e > 
Pu{f,g) is arbitrary. Now we assume that / and g are nonexpanding maps. Let 
£ > PH{f,g), by definition, e > dist((a;, /(x)), Fp) for all x G X, which implies 
dY{f{x),g{x')) < e for some x' e Bx{e) (Vx e X). Since g is non-expanding, for any 
x" e Bx{s), we have 

dy(/(a;),5(a;")) <max{dy(/(a;),5(a;')), (^(a;'), 

< max{cry(/(a;),5f(a;')), < s. 

Hence sup^„g5^(^) ^y(/(x), ^(x")) < s, similarly, sup^„gB^(^) ^y(^(x), f(x")) < £ (Vx e 
X). So by definition, Pu{f,g) < £, which implies Pu{f,g) < PH{f,g) because 
£ > PH{f,g) is arbitrary. Therefore, Pu{f,g) = PH{f,g), this proves (2). 
(3) Firstly, we verify the equality. For any e > Pb{f,g), by definition, there ex- 
ists a positive number t] < e such that, for every x G X, dY{f{x),g{x')) < tj and 
dY{g{x), f{x")) < rj for some x',x" e Bx{r]), which implies that 

dist((x, /(x)),Fg) = inf meix{dx{x,X2), dY{f{x),g{x2))}<r]<e and 

dist{{x, g{x)),Tf) = inf max{dx{xi,x), dY{f{xi),g{x))} < rj < e. 
xiex 

Hence by definition, pH{f,g) = dxxY,H{^ f,'rg) < £ for all e > Pb{f,g), and so 
PH{f,g) < Pb{f,9)- Conversely, let e > PH{f,g), then, for every x & X, there exist 
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a;', x" G X such that 

max{dx(a;,a;'), ^y(/(x), c/(a;'))} < £ and max{(ix(a;, x"), dy(cj'(a;), /(x"))} < £, 

so x' ^x" e Bj.{e), dY{f{x),g{x')) < e and dyigix), f{x")) < e. Then by definition, 
£ > Pbif-,9)-, and so < PH{f,g) because s > pH{f,9) is arbitrary. Therefore, 

Pbif^g) = PHif,g)- 

Next, we come to verify the inequahty. We may assume that 1 < dil/ < dilg^. 
Denote c = dil/, we only need to show that Ps{f,g) < c ■ Pb{f,g)- To see this, let 
£ > Pbif,g), by definition, for every x e X, there exists a e -Ba;(£) such that 
dyigix), f{x')) < e. Then by the definition of dil/, we get 

dvigix), f{x)) < max{dY{g{x), f{x')), dy(/(x'), f{x))} < uiax{e, c-e}^c-e, 

which implies that Ps{f, g) < c - e, and so Ps{f, g) < c - Pb{f, g) because e > Pb{f, g) 
is arbitrary. This proves (3), and the proof of Theorem 3.5 is completed. □ 

Note that, for f,g as in the above Theorem 3.5(3), if min{dil/, dil^f} < 1, we 
may as well assume that dil/ < 1, then / is a non-expanding map, so from the 
above Remark 3.3, we know that Ps{f,g) = PH{f,g)- 

4. Ultrametric structures on ball-type mappings 

Let {X, dx) and (F, dy) be two non- Archimedean metric spaces, recall that 
M.\,{X) — { all balls in X} is a non- Archimedean metric space with the metric 
dx,H as before. We denote 

D^{X, Y) = {all maps P : M\,{X) ^Y)^ m{M^{X) Y). 
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for any Pi, P2 e ^\>{X, Y), recall that 

PH{Pl,P2)-dw,H{^Pi,'^P2), P,(Pi,P2)= sup dY{Pi{B),P2{B)), 

BeMt,{X) 

where W — M.\,{X) x y is endowed the sup-metric dw of dx,H and dy defined 
before. Let e > 0, for convenience, we will write = U^{B), the £— neighborhood 
of a ball B in X. Note that by Lemma 2.3 above, B^ is also a ball in X. For all 
spaces considered in the following, we assume that every ball in them contains at 
least two distinct elements. 

Definition 4.1. Let {X, dx) and (Y/dy) be two non-Archimedean metric 
spaces. For any Pi, P2 e 'S\,{X, Y) and A > 0, we define 

P^^yiPi, P2) = inf{£ > : dy{Pi{B), P2(P^^)) < e and MP^iB), Pi(P^^)) < e 

for all B e M\,{X)) if Pi ^ P2, 

^^,^(Pi,P2) = 0ifPi = P2; 

I^*x,y{Pii P'i) = inf{£: > : for every B e there exist positive numbers 

Sb^s'b < e such that dy(Pi(P), P2(P^^«)) < e and dy(P2(P), Pi(P^^'«)) < e}. 

For the case A = 1, we write ;5^ y = ^x,y and ^*x^y — Px,y- definition, it is easy 
to see that J^^y(Pi,P2) < J^y(Pi,P2) (VPi,P2 e D^{X,Y)). Moreover, for any 
P e S)b(^, if we denote 

77a,p = inf{£ > : dy{P{B), P{B^')) < e for all B e M\,{X)}, 

then it can be easily verified that /3x^y{Pi, P2) > niax{7^;^^p^ , rjx^p^} for all Pi,P2 G 
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D\,{X,Y). We also denote 

^1^\X,Y) = {Pe V^{X,Y) : dY{P{B),P{B^')) < e 
for all £ > and all B e M\,{X)}. 

Obviously, rix,p = for all P G ^l^\x,Y). Note that, if P e ^\,iX,Y) is non- 
expanding, then dY{P{B),P{B^)) < dx,H{B,B^) < e, so P e ^l^\x,Y). Hence 
'DI^\x, Y) contains all nonexpanding maps from Ji4\){X) to Y. 

Theorem 4.2. (1) The above defined functions /3xy Px'y non- 
Archimedean metrics on 'D\,{X, Y). 

(2) For any A > and Pi, P2 G ^\,{X, Y), we have 

P*xx{Pi, P2) < Ps{Pu P2) < PiviPi, P2), MPi, P2) < max{l. A} • ^2)- 
In particular, if Pi, P2 G Sj^^^, Y), then 

P^^(Pi, P2) = p.(Pi, P2) = h,Y{Pi. P2) = P2). 

(3) For P e and a sequence {Pn}n=i in D\,{X,Y), the following state- 

ments are equivalent: 

(A) ^xxiPn: P) ^ as n ^ 00. 

(B) supg£j^|^(^) dy(P„(P), P(P)) — > as n — >■ 00, in other words, P„ converges 
uniformly to P as n ^ 00. 

Proof. (1) We only verify /Sj^ ^, the other is similar. By definition, /5j^_y (Pi, P2) — 
P^^y{P2,Pi) > and ?x,y(^i'^i) = (VPi,P2 G ^^{X,Y)). Now suppose Pi ^ 
P2 and /3j^_y(Pi, P2) = for some Pi,P2, then, for any B e A^[,(X) and pos- 
itive number e < diam(P)/A, it follows easily from the definition of Px^y ^^^^ 
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dY{Pi{B), P2{B'^^')) < e' for some positive number e' < e. Since \e' < Xe < 
diam(S), by Lemma 2.3 above, we have B^^' — B, which imphes dy(Pi(S), P2{B)) < 
e, and then dyiPiiB), P2{B)) = because £ < diam(i?)/A is arbitrary. Hence, 
Pi{B) = P2{B) (VS e Mb{X)), and so Pi = P2, a contradiction ! Therefore, 
^x,y(-Pi> > if Pi 7^ P2. Lastly, we come to verify the strong triangle inequal- 
ity Let Pi,P2,P3 e ^\>{X,Y), for any e > max{^_^^y (Pi, P2), ^^^^(Pa, P3)}, by 
definition, there exist positive numbers £±,£2 < £ such that 

dY{Pl{B),P2{B^'')) < £1, dy{P2{B),Pi{B^'^)) < £1; 
dY{P2{B),Ps{B^'')) < 82, dY{P3{B),P2{B^'')) < £2 (VS G M^{X)). 

We may as well assume that £i < £2. Then by Lemma 2.3 above, (^B^^^y^^ — 
dY{P2{B^''),Pi{B^'')) = dY{P2{B^''),Pi{{B^''f'^)) < £1; 

dy(P2(P^'^i),P3(P^'^^)) = dY{P2{B^''),P3{{B^''f'^)) < £2. 

Thus dY{Pi{B),P^{B^'-)) < msx{dY{Pi(B),P2(B^'^)),dY{P2(B^''),P3{B^''))} < 
max{£i,£2} < £2- Similarly, dyiPsiB), Pi(B^^^)) < £2. Therefore, by definition, we 
obtain that £ > £2 > /3x^y{Pi, P3), and so 

^_^_y(Pi,P3) < max{^_^;^(Pi,P2), ^^y(P2,P3)} by the arbitrary choice of e. This 
proves (1). 

(2) We first verify 3iV(^i'^2) < Ps(Pi,P2). We may assume Pi P2, and 
write £0 = Ps(Pi, P2), then Sq > 0. For every B e Ai\,{X), let Sb = min{diamP/A, £0}, 
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then by Lemma 2.3, we have B = B. So 

MPiiB), P2{B^'^)) = driPiiB), P2{B)) < p,(Pi, P^) = £o, 
dy{P2{B), P,{B^'^)) = dY{P2{B), P,{B)) < p,{P^, P2) = So, 

and the inequahty follows by definition. 

Next we verify ps{Pi,P2) < /3xy{Pii ^2)- We may assume Pi ^ P2. For any e > 
/3x,y{Pi: -P2), by definition, there exists a positive number e' < e such that 

dY(Pi(B),P2(B^'')) < e' and dy(P2(S), < e' (VP G M^{X)). 

In particular, dY{P2{B^''), Pi{B^^')) = dY{P2{B^^'),Pi{{B^''Y^')) < e' (see Lemma 
2.3 above). So 

dY{Pi{B),Pi{B^'')) < max{dy(Pi(S),P2(S^^')), dy(P2(P^^'), Pi(P^^'))} < e' , 

and then dY{Pi{B), P2{B)) < max{rfy(Pi(5), Pi(5^^')), rfy(Pi(5^^'), P2(5))} < 
e' < £ (VP e A4b(^)), which implies ps{Pi,P2) < e' < e, and so ps{Pi,P2) < 
/3j^ y(Pi, P2) by the arbitrary choice of e. 

Next we verify pj^(Pi, P2) < max{l. A} • 3"xV(^i' ^2). For any e > Pf^YiPi, ^2), by 
definition, there is a positive number ei < e such that (iy(Pi(P), P2(P'^'^^)} < £1 and 
dy(P2(P),Pi(P'*'^s)} < si for some positive numbers £b,£b < £1 (VP G Alb(^))- 
By Lemma 2.1 and Lemma 2.3 above, we have dx,H{B, B^^^) < Xeb < Xe and 
dx,H{B,B^^'B) < \e'^ < A£, so B^'^ ^^'b g BsiXe), a ball in the space M\,{X). 
Hence by Definition 3.4(1) above, pb{Pi,P2) < max{l,A}£. Since e is arbitrary, by 
Theorem 3.5(3) above, we obtain Ph{Pi, P2) = Pb{Pi, P2) < max{l. A} -^^^y (Pi, P2). 
Lastly, assume Pi,P2 G 'S)^^\x^Y)^ we come to verify the equalities. By the 
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above discussion and Theorem 3.5(3), we only need to show that (3x,y{Pi, P2) < 
Pb{Pi-i Pt}- To see this, for any e > PbiPi, P2), by definition, there is a positive num- 
ber Si < s such that, for every B e A4\,{X), there exist Bi,B2 G A4\,{X) satisfying 

dx,H{B,Bi) < £1, dx,H{B,B2) < £1, dY{Pl{B),P2{B,)) < £1 anddy(P2(5),Pi(52)) < 

El. Then by the above Lemma 2.1 and Lemma 2.3, it can be easily verified that 

Bl = B'2 = B^. Since Pi, P2 e F), we have 

dY{Pl{B2),Pi{B')) = dY{Pl{B2),Pi{BI)) < s, 

(P2(Pi), P2(P^)) = dy{P2{B,), P^iBf)) < 8. So 

dY(Pi{B),P2{B')) < max{dy(Pi(5),P2(Si)), dy(P2(Si), P2(5^))} < s and 

dY{P2{B),P,{B')) < max{dy(P2(S),Pi(S2)), dY{Pl{B2),Pl{B'))} < s. 

Hence by definition, /5x,y(Pi,P2) < £■ Therefore /5x,y(Pi,P2) < Pb{Pi:P2) because 
e > pb{Pi,P2) is arbitrary. This proves (2). 

(3) (A) =^ (B). For any e > 0, there is a positive integer N such that, for every 
integer n > N we have j3x,Y{Pm P) < By definition, there exists a positive number 
e' <e such that dY{Pn{B), P{B'')) < e' (VP e M^{X)). Since P e S)[^^(X,F), we 
have dY(P(B),P(B'')) < s', so 

dY{Pn{B),P{B)) < max{dy(P,(P),P(P^')), rfy(P(P),P(P^'))} < e'. 

Therefore sup^^^^^x) dY{Pn{B), P{B)) <e' <e. 

(B) =^ (A). For any £ > 0, there is a positive integer N such that, for every integer 
n > N we have supBeMt,{x)dY{Pn{B), P{B)) < e. Since P e ^l^\x,Y), we have 
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dY{P{B),P{B')) <e {WBe M\>{X)). So 

dY{Pn{B),P{B')) < max{dy(P„(5),P(B)), dY{P{B),P{B'))} < e and 

(P(5), Pn{B')) < max{dYiP{B), P{B')), dy(P(P^), Pn(P^))} < E. 

Hence by definition, /3x,Y{Pn, P) < This proves (3), and the proof of Theorem 4.2 
is completed. □ 

Note that for P, P„ in Theorem 4.2.(3) above, if P e 'D\,{X, Y), then 

hAPn,P)^^ ^ dy(P„(P),P(P))^o(VPeMW)- 

Lemma 4.3. On the interval (0, oo), fixY ^ monotonic increasing function 
in the variable A, and j^x'y ^ monotonic decreasing function in the variable A. 

Proof. We only verify the case ^x,y^ the other can be similarly done. Let 
Ai,A2 e (0,oo) with Ai < A2. For any Pi,P2 G ^\>{XX) with Pi 7^ P2, let e > 
^^^y(Pi,P2), by definition and Theorem 4.2.(2), there is a positive number e' < e 
such that e' > p.(Pi,P2), dY{Pi{B),P2{B^''')) < e' and dy(P2(P), Pi(P^^^')) < 
e' (VP e M^{X)). Note that by Lemma 2.3, B^^'\ (^Ai^'^A^e' ^ ^x^e' ^ M\,{X), so 

dy(Pi(P^^^'),P2(P^^^')) = dy(Pi(P^^^'),P2((P^^^y^^')) < 
dy(P2(P^^^'),Pl(P^^^')) = rfy(P2(P^i^'),Pi((P^i^y^^')) < s'. 

Also by definition, rfy(Pi(P^i^'), P2(P^i^')) < M^i, P2) < e'. Hence 

dy(Pi(P),P2(P"^^')) < 

max{rfy(Pi(P), P2(P"^^')), rfy(P2(P"^^'), Pl(P'^^')), 4-(Pi(P"^^'), P2(P'^^'))} < s' . 

Similarly, dy(P2(P), Pi(P^i^')) < e'. Therefore, by definition, 3^y(Pi,P2) <£'<£, 
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which imphes /3_^^y (Pi, P2) < /3_^^y(Pi, P2) by the arbitrary choice of e. The proof is 
completed. □ 

Now for any Pi, P2 e Y), we denote 

PlYiPl,P2) = inf/^,y(Pl,P2), ^^,y(A,P2) = SUp^^,y(Pi,P2), 

^iV(Pi, P2) = sup^iV(^i' ^2), P2) - inf/xV(^i' ^2). 

A>0 '^>0 

By Lemma 4.3 and Theorem 4.2 above, we have 



P2) = lim /3^,y (Pi, P2), /3^,y (Pi, P2) = hm (Pi, P^), 
^2) = lim ^2), fe~y(Pi, P2) = lim ^f^y(P„ P2), 

A->-0+ A-)-oo ' 

(Pl,P2) < ^?y(Pl,P2) < P.(Pl,P2) < Sv(Pl,P2) < fey(Pl,P2). 



By Theorem 4.2 above, it is not difficult to show that all j^^^y/Pxx^ f^x,Y i^xx 
are non- Archimedean metrics on D\,{X,Y). 

For the set 'D'^'^\x, Y) defined in Definition 4.1 above, it is easy to verify that 
'DI'^'^\x,Y) C 'DI^^\x,Y) for any positive numbers Ai < A2. So particularly, we 
have a descending chain ^\,{X, Y) D ^i^\x, Y) D ^l^\x, Y) D ■ ■ ■ . We denote 

^t^\x,Y) = fl ^i'\x,Y), ^i'\x,Y) = U ^i'\x,Y), and 

A>0 A>0 

S)b(X, Y)o = {P e S)b(X, Y) : P is a constant map from M\,{X) to Y}. 

Obviously, 2)b(X,y)o C ^1'°\X,Y). 

Definition 4.4. Let P, Pi, P2 e ©^(X, y) and £ > 0. 
(1) If there exists an 5 > such that cTy (P(P), P{B^)) < e for all B e M^,{X), then 
we call that P is £— admissible. We define da{P) — ini{e > : P is £ — admissible}, 
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and call da{P) the admissible degree of P. We also denote 

Ce{P) = sup{5 > : dY{P{B), P{B^)) < e for all B e M\,{X)}, 

C{P) = mi{Ce{P) : Pise- admissible}, 

hp,^P,{B) = supdy(Pi(5), P2{B')) for each B e M\,{X), 

£>0 

/i(P) = inf hp^p{B), H{P) = sup hp^p{B), and 
H{Pi,P2)^ sup max{/ip^_,P2(^), ^P2^Pi(-B)}. 

(2) Assume Pi 7^ P2, we define 

P2) = > : MPiiB), P^iB')) < e and MPiiB), Pi(P*)) < £ 

for all B e MbW}, 

^2) = inf {5 : S e 0,(Pi, P2)}, n,(Pi, P2) = sup{5 : (5 G 0,(Pi, P2)}, 
nxxiPi, P2) = inf{£ > : ^(Pi, P2) = 00}. 

We denote uj^{Pi, P2) = n^{Pi, P2) = if Oe(Pi, P2) = 0, and nx,y(Pi, P2) = 00 if 
n,{Pi, P2) = for all e>0. Moreover, nxxiPi, P2) = if Pi = P2. 

(3) We define 

0*(Pi P2) = {(5 > : for every B e there exist a positive number 

5b < 5 such that dy(Pi(P), PiiB^")) < £>, 

,.(Pi, P2) = inf{£ > : 0*(Pi ^ P2) n 0*(P2 ^ Pi) # 0}. 

It is easy to verify that 
(1) P is £— admissible for any e > da{P). 
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(2) For any A G (0, C(P)) and e G oo), we have 

dY{P(B),P(B^)) < £ (VS e MbW). 

Theorem 4.5. Let P, Pi, P2 e T)\>{X, Y). 

(1) If P is a Lipschitz map, then da{P) = 0. 

(2) max{^-y (Pi, P2), ^(Pi), ^(P2)} = H{Pi, P^) = max{p,(Pi, P^), ^(Pi), ^(P^)}. 

(3) If for every B e the cardinal tt{^y(Pi(P^), i^2(^^)) : £ > 0} > 1, then 
max{^(Pi), H{P2)} = H{Pi, P^). 

Proof. (1) Since P is a Lipschitz map, there exists a number c > such that 
dY{P{Bi),P{B2)) < c ■ dx,H{Bi,B2) (VPi,P2 e Mi>{X)). If c = 0, then obviously 
da{P) — 0. Now we assume c > 0. For any £ > 0, by Lemmas 2.1 and 2.3, it follows 
easily that dx,H{B,B') < e, so dY{P{B), P{B')) < c- dx,H{B,B') < ce (VP e 
Ai\>{X)). Hence P is c£— admissible, and so da{P) < ce, which imphes da{P) = 0, 
this proves (1). 

(2) We may assume Pi 7^ P2. By definition, one can easily verify that /3x,y (-^i' -^2) < 
^(Pi, P2) and H{Pi) < H{Pi, P2) (i = 1, 2). Now let 

S > max{^f;y (Pi, P2), H{Pi), H{P2)}, then for every A > 0, we have 6 > Ji,y (Pi, P2), 
so there exists a positive number 5{X) < 5 such that 

dy(Pi(P),P2(P^^(^))) < 5(A) and dy(P2(P),Pi(P^^(^))) < S{X) (VP e Mi.{X)). 
Hence for any £ > 0, 

dy{Pi{B),P2{B-)) < max{dy(Pi(P),P2(P^^W)),dy(P2(P^^W),P2(P^))} 

< max{5, P^(P2)}, so hp,^P,{B) < max{5, P^(P2)}. 
Similarly, hpr^^p^{B) < max{S, H(Pi)}. 

Therefore H{Pi, P2) < max{5, H(Pi), H(P2)} = 6, which implies 
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H{Pi,P2) < max0^Y{Pi,P2),H{Pi),H{P2)}, and the first equahty holds. 
For the second equahty, by the above discussion, we only need to show that H{Pi, P2) < 
max{p,(Pi, P2), H{P,), H{P2)}. To see this, let S > max{p,(Pi, P2), H{Pi), ^(^2)}, 
then for every B e M.\,{X)), we have 

5 > dY{Pi{B), P2{B)) and 5 > dY{Pi{B), Pi{B')) for all £ > (i = 1, 2). 

So dY{Pi{B),P2{B^)) < ms.x{dY{Pi{B),P2{B)),dY{P2{B),P2{B^))} < 6. 

Hence hp,^p^{B) < 5. Similarly, hp^^p^{B) < 5. Therefore H{Pi,P2) < 5, which 

implies H{PuP2) < max{p,{Pi,P2),H{Pi),H{P2)}. This proves (2). 

(3) For every B e M.i,{X), by assumption, there exists an £ > such that 

dY{Pi{B'),P2{B')) ^ dY{Pi{B),P2{B)). We may as well assume that 

dY{Pi{B'), P2{B')) < dY{Pi{B),P2{B)). Then by the inequality 

MPiiB), P2{B)) < rm^x{dY{Pi{B), Pi{B^)), ^y(Pi(P^), P2{B')), ^y(P2(5^), ^2(5))}, 

we get 

dY{Pi(B),P2(B)) < ms^x{dY{Pi{B),P,{B^)),dY{P2(B),P2(B'))} 

< max{/ipj^p^(5), /ip2^P2(5)}. Therefore 

Ps{PuP2) < supBeM,(x))^^{hp,^p,{B),hp^^P^{B)} = max{^(Pi), ^(Pa)}- Now 
we may as well assume that -ff(Pi) < -^(-^2)- Then for any 5 > 0, we have 
dY{Pi{B),P2{B')) < ma.x{dY{Pi{B),P2{B)),dY{P2{B),P2{B'))} 

< max{p,(Pi,P2),#(P2)} = H{P2), similarly, dY{P2{B), P,{B')) < H{P2), which 
implies H(Pi, P2) < H{P2), so the equality holds. This proves (3), and the proof of 
Theorem 4.5 is completed. □ 

Theorem 4.6. Let Pi, P2 G X)^{X, Y) with Pi P2. We have 
(1) 3~V(^i'^2)=P,(Pi,P2) ^ max{4(Pi),4(P2)}<P,(Pi,P2). 
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(2) ^Xy{Pr,P2)=hx,Y{PuP2). 

(3) ^iV(^i,P2)=P.(Pl,P2). 

(4) ^*^^y{P,,P,)=hXy{P,,P,). 

Proof. (1) If -^2) = Ps{Pi-, P2), then for any e > 0, there exists an S > 

such that for any A e (0, 6), we have ^^y(Pi, P2) < Ps{Pi: P2) + £■ By definition, 
there exists a positive number e{X) : /3x,y(-Pi, -P2) < ^(A) < Ps{Pi, P2) such that 
dY(Pi(B),P2(B^<^'))) < e{X) and dY(P2{B), Pi(B^<^'))) < s(X) (V5 e M^W)- So 
dY{Pi{B),Pi{B^<^^)) < max{dY{Pi{B),P2{B^<^^)),dY{P2{B^<^^),Pi{B^'^^^))} < 
e{X). Similarly, dY{P2{B), P2{B^'^^^)) < e{X). So both Pi and P2 are ^(A) -admissible. 
Hence by definition, we get max{o?a(Pi), da{P2)} < s{X) < Ps(Pi, P2) + £, which im- 
plies max{(i(j(Pi), da{P2)} < Ps(Pi, P2) by the arbitrary choice of e. 
Conversely, if max{da(Pi), da(P2)} < Ps(Pi, P2), then we need to show that 
^■^(^,^2) = Ps{PuP2). If Otherwise, then ^0:^y(Pi,P2) > PsiP^P^)- Take = 
i(/^V(^i'^2) +p.(Pi,P2)), then p.(Pi,P2) < £0 < ;5i,y(Pi,P2). So for every 
A > 0, /3x,y(Pi, P2) > £0, and then there exists a Bx E M.\,{X) such that 
dY{Pi{Bx),P2{B^x"')) > ^0 or 4-(P2(i?A),Pi(i?^')) > ^0- 

On the other hand, we have da{Pi) < £0, i = 1,2. So by definition, there exist 
positive numbers £j < £0 such that P, are e^— admissible, i.e., there exist positive 
numbers 5i such that 

dY{Pi{B),P,{B'^)) <e^{i = 1,2) (VP e 

Now take a Aq > such that XqEo < mm{5i,52}. Then by Lemma 2.3, (B^oeoyi ^ 
B^\ so 

dy(Pi(P),P,(P^"^")) < max{rfy(P,(P),P,(P^O),^y(^i((^^°'°)'0,^i(^^"'"))} < 
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(z = 1,2) {WBeM^iX)). 

In particular, dyiPiiBx,), °)) < < £o (i = 1, 2). 

Since dy(Pi(5^f°),P2(i^t°'°)) < P,(Pi,P2) < £o, we get 

4-(Pi(P,J,P2(Pif°)) < max{dy(Pi(P,J,Pi(P,^f°)),dy(Pi(5,^f'0,^2K^^^^ < 
£o, similarly, dy(P2(P;^(,), Pi(P^°'^°)) < £o, a contradiction! Hence we must have 
^V(^i'^2) = Ps{PuP2). This proves (1). 

(2) For any e > 3"^y(Pi,P2), by Lemma 4.3, e > 3^y(Pi,P2) (VA > 0). So for 
every A > 0, by definition, there exists a positive number s{X) < s such that 
dy(Pi(P),P2(P^^W)) < £(A) and dy(P2(P),Pi(P^^W)) < £(A) (VP e MbW). 

So A£(A) e Oe(A)(Pi,P2) C 0£(Pi,P2). Then by Theorem 4.2.(2), we have £(A) > 
^x,y(-Pi) ^2) > Ps{Pi, P2)- Since Pi 7^ P2, it is easy to see that Ps{Pi, P2) > 0. Hence 
A£(A) — >■ 00 as A — >■ 00, which implies that Q£(Pi,P2) = 00. Then by definition, 
^x,y{Pi, P2) < £, and so CIx,y{Pi-, P2) < /3x,Y{Pii P2) by the arbitrary choice of e. 
Conversely, for any e > Qx,y(Pi, P2), by definition, there exists a positive number 
e' < e such that Q^'{Pi,P2) = 00, in particular, 0£'(Pi,P2) 7^ 0. Then, for any 
A > 0, there exists an 5 e Os'{Pi, P2) n (As, 00). By definition, 
dY{Pi{B),P2{B^)) < e' and 4'(P2(P), Pi(P^)) < e' (VP e M^>iX)). 
Let A' — 6/e, then A' > A, and 

dy(Pi(P),P2(P^'^)) < e and dY{P2{B),P^{B'^'')) < e (iB e Mi.(X)). 
So /3j^'^(Pi, P2) < e, and then by Lemma 4.3, /3_^y(Pi,P2) < e, which implies 
3f;y(Pi,P2) < e. Therefore, 3x,y(A,P2) < Jlx,y(Pi, P2), and the equality holds, 
this proves (2). 

(3) By Theorem 4.2.(2), ^^°^(Pi,P2) < p,(Pi,P2). As in the proof of (2) above. 



30 



Ps{Pi, P2) > 0. For any positive number e < Ps{Pi, P2), by definition, there exists a 
Bo e M\>iX) such that dy(Pi(So), P2(So)) > e. Denote 5 = diamSo/(2p.(Pi, P2)) > 
0, and take a A e (0,(5). Then for any Si e (^^^y(Pi, P2), 2ps(Pi, P2)), there exists 
an s[ e (0,ei) such that 

dy(Pl(P),P2(P^^^(^))) < £'1 and dy(P2(P),Pi(P^^^(^))) < £'1 

with some £b(A),£'^(A) G (0,£^] for every B G A^b(-^)- In particular, 

dy(Pi(Po),P2(Po''"°^'^))<£'i and dy(P2(Po),Pi(Po'"°^'^))<£'i- 

Since A£bo(A) < Ae'^ < A^i < 2Aps(Pi,P2) < 26ps{Pi,P2) = diamPo, by Lemma 

2.3, Po''"°^'^ = ^0, so d,^(Pi(Po),P2(Po)) = dy(Pi(Po),P2(Pi'"°^^^)) < £'1 < £1. 
Since £1 is arbitrary chosen, we get ciy(Pi(Po), P2(Po)) < PxlviPi^ P2), hence e < 
^2) < /5^V(^i' ^2), which imphes p,(Pi, P2) < ^f^riPu P2), and the equal- 
ity holds. This proves (3). 

(4) For any e > 3x^(Pi, P2), there exists an A > such that Px,y{Pi, P2) < £■ By 
definition, there exists an £' G (0, £) such that 
dy(Pi(P),P2(P^"«)) < e' and dY{P2{B), Pi{B^''b)) < e' 

with some £b, £b e (0, e'] for every B G So A£' G 0*,(Pi ^ P2) n 0*,(P2 

Pi), and then 03f_y(Pi, P2) <£'<£, which implies VL\ y{Pi, P2) < /fe^ (Pi, P2). 
Conversely, for any e > ^23^ y (Pi, P2), there exists an e' G (0,5) such that 0*/(Pi 
P2) n 0*,{P2 — > Pi) 7^ 0. Let 5 be a positive number in this intersection set, then, 
for every B G J\4\,{X), there exist 5b, 5'^ G (0, 5] such that 
dy{P,{B),P2{B''^)) < e' and dY{P2{B), Pi{B'b)) < e' . 

Take Aq = 5/e\ Eb = Sb/Xq and s'b = S'b/Xq, then Aq > 0, £s < e', e'b < 
£', and from 5y(Pi(P), P2(P^o^«)) < e' and dy(P2(P), Pi(P^o"s)) < s' (VP G 
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M^{X)), we get /3^~y(Pi, P2) < P*x,y{Pi, P2) <e' <e, which imphes /3i^y(Pi, P2) < 
Q^y(Pi, P2), and the equahty holds. This proves (4), and the proof of Theorem 4.6 
is completed. □ 

Corollary 4.7. Let Pi, P2 G V\>{X, Y). 

(1) If both Pi and P2 are Lipschitz maps, then ^^y(Pi, P2) = Ps(Pi, P2)- 

(2) If max{#(Pi), H{P2)} < H{Pi, P2), then for every A > 0, we have 
diviPi, P2) = ^ly(Pi, P2) = Ps(Pi, P2) = H{P,, P2). 

(3) If max{d„(Pi), ci„(P2)} > p,(Pi, P2), then max{#(Pi), ^(Ps)} = #(Pi, P2). 

Proof. (1) follows from Theorem 4.5.(1) and Theorem 4.6.(1). 

(2) follows from Lemma 4.3 and Theorem 4.5.(2). 

(3) follows from Theorem 4.5.(2) and Theorem 4.6.(1). □ 

Example 4.8. Let X = Cp he the Tate field with the canonical p— adic 
metric dp as above. It is well known that | Cp |p= p"^ (see [Sc], p. 45), and it fol- 
lows that diamP(j(r) = r for any a e Cp and r > 0. Now we define two maps 
Pi : M^{X) — > M\,{X) {i = 1, 2) as follows: 

We define Pi(P) = S^diamB ^j. ^ ^ M^(X); and P2(P) = Pi(P) if P 7^ Po(l), 
while P2(Po(l)) = Po(2). 

We assert that ^^(Pi) = 00, that is, for every £ > 0, Pi is not £— admissible. To see 
this, for any S > 0, take a positive number r < min{5, |, ^j, denote Sq = max{5, |} 
and let B = Po(r). Then by Lemma 2.3, Pi(P) = Pi(Po(r)) = B^/"" = Po(l/r) and 
Pi{B^) = Pi{Bo{5)) = Bo{Sy/^ = Bo{So). So by Lemma 2.1, we have 
dp,H{Pi{B),Pi{B')) = rfp,H(Po(l/r),Po(5o)) = 1/r > e. Therefore, d„(Pi) = 00. 
On the other hand, by the above definition and Lemma 2.1, we have jOs(Pi,P2) = 
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2. Hence 4(Pi) > p,(Pi, P2), so by Theorem 4.6.(1), we get ^2) > P,(Pi, P2) 

withY = M^{X)=M\>{Cp). □ 

Now let K he a. complete non- Archimedean valued field with absolute value | | , 
and X be a non- Archimedean normed linear space over K with norm || || (see [FP], 
chapter 1). As before, = K\{0}. Let {Y, dy) be a non- Archimedean metric space. 
For a e and B e M.\,{X), it is easy to see that a • B e M\,{X), more precisely, 
a • Bi,{r) — Bab{\a\r) and a ■ Bj,{r) — Bab{\a\r) {b e X and r > 0). Moreover, for any 
£ > 0, we have {a-Bf = a- Here a ■ B = {a ■ v: v e Bj.Foi P e Db(X, Y), 

we define P%B) = P{a ■ B), and when Y ^K,we also define iaP){B) = a ■ P{B). 
Obviously P" e S)b(X, Y). When F = we also have aP e Sb(X, F). 

Theorem 4.9. let (i^T, | |) be a complete non- Archimedean valued field, 
(X, II II) be a non- Archimedean normed linear space over and (Y, dy) be a non- 
Archimedean metric space. For any Pi, P2 G 'S)\,{X, Y) and a e /T^, we have 

P2) = ^x,y(Pi", A") and ^^^^(Pi, P^) = ^^^(PC P^). 
In particular, if F = i^, then we have 

JI^|y(Pi,P2) = |a|-i-Jx,y(aPi,aP2) and ^^^(Pi, P2) = |a|-i ■ ^'Vl^^i' "^2). 

Proof. For the first equality, let s > ^■^|y(Pi, P2). Then there exists a positive 
number e' < e such that 

dy(Pi(P),P2(Pl'^l^')) < e' and dy(P2(P), Pi(Pl'^l^')) < e' (VP e Mb(^)). So 
MP^iB), P^{B^')) = dy(Pi(a • P), P2((a • P)H^')) < s' , 

similarly, dy(P2"(P), P{'(P"')) < which implies Px,y{Pi,P2) and so 

^x,y(Pf,P2")<S|y(^i,^2). 
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Conversely, let e > (3x,y{Pi, Pi)^ then there exists a positive number e' < s such 
that 

dY{P^{B),P^{B'')) < e' and dyiP^iB), P^{B'')) < e' (VB e M\>{X)). So 
dy(Pi(5),P2(5l"l^')) = dY{P^{a-^B),P^{{a-^BY')) < e', 

similarly, dy(P2(^), < s', which implies ^J|y(Pi,P2) <£'<£, and so 

/3^'y(Pi,P2) < /Sx.rl-Pi") -^2")- So the first equality holds. The second equality can 
be similarly done. 

For the case Y = K, note that dY{{aPi){B), (aP2)(P)) = \a\ ■ \Pi{B) - P2(P)|, so 
dy((aPi)(P),(aP2)(P^)) < £ <^ dy(Pi(5),P2(Sl«l-^/H)) < s/\a\. Then the other 
two equalities follows easily by the definition. The proof is completed. □ 

Recall that a non-Archimedean valued ring is a commutative ring A with a 
non- Archimedean absolute value | |, i.e., a function | | : ^4 — >■ M satisfying the rules: 
1. \a\ > and \a\ ~ a — 0. 2. \ab\ — \a\ ■ \b\. 3. |a + 6| < max{|a|, \b\}. 
li A — K is a, field, then {K, \ |) is a non- Archimedean valued field as before (see 
[BGR] and [FP]). Now let {X,dx) be a non- Archimedean metric space. For f,g E 
DJl{X A) and a e A, we set (/ + g){x) = f{x) + g{x), {af){x) = af{x), and 
{fg){x) — f{x) ■ g{x) (Vx e X). Then obviously dJl{X — >■ ^4) is a commutative 
^4— algebra. 

Definition 4.10. let {X,dx) be a non-Archimedean metric space, (A, \ |) be 
a non- Archimedean valued ring, we define 

BL{X ^A)^{fe Wl(X ^ A) : ll/llgj < 00} with ll/llgj = max{||/|U, dil(/)}, 
where ||/||oo = sup^.^^ 1/(2^)1 is the supremum norm and dil(/) is the dilatation of 
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/ as above. 

Theorem 4.11. BL{X — )■ A) is an A— subalgebra of 9JI(X — )■ A), and as 
an ^4— module, || • is a non- Archimedean norm on it. Moreover, for any f,g & 
BL{X ^ A), we have \\fg\\^ < \\f\\^ ■ \\g\\-^. 

Proof. For f,g E BL{X — )■ A) and a G ^, it follows easily by definition that 
||/ + 5'IU < max{||/||oo, \\g\\oo} < oo and ||a/||oo = \a\ ■ ||/||oo < oo. Also 

dii(/ + ,)= sup + 

x\,X2&X and xi^X2 dx{xi, X2) 

. r\f{xi) - f\x2)\ \g{xi) - g{x2)\. 

< sup max{ — , — — } 

xi ,2:2 eX and 0:17^x2 dx{Xi,X2) dx{Xl,X2) 

< max{dil(/), dil(gi)} < oo, and 

^•u ^^ \af{xi) -af{x2)\ . . ...... 

dil(a/) = sup - — ^ — - = \a\ ■ dil(/) < oo. 

a;i,a;2eX and ^17^X2 dx{xi,X2) 

So 11/ + gW-gz < 00 and Ha/Hgj; < oo, and so f + g, af e BL{X A). 
Prom the above discussion, we also get ||/ + < max{||/||g^, and 

= H • II/IIsl- Moreover, it is obvious that \\f\\^ > and = if and 

only if / = 0. Therefore, as an ^—module, || ■ is a non- Archimedean norm on 
'BL{X ^A). 

Now we come to show that ||/5'||gj < ll/llsi; ' IIs'IIsl- isict, since 



ll/S'lloo = sup \f{x)\ ■ \g{x)\ < sup • sup \g{x)\ = ||/||oo ■ llfi-Hoo and 

xex xex xex 

dUifg) = sup - f{x2Mx2) + fjxiMx,) - g{x2))\ 

xi,X2&X and x\^X2 dx{xi, X2) 

. _ jnx^)-f(x2)\-\g{x2)\ \f{x,)\-\g{x,)-g{x2)\ , 

_^ blip Illa<X"i — , j 

xi,X2eX and xi^X2 C?x(^l7^2) dx{XlT^2) 

<max{||^||oo-dil(/), ||/||oo-di%)}. 



it follows that H/^Hgj < max{||/||oo, dil(/)} • max{||^||oo, dil(^)} - „j 
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In particular, < '^■> f9 ^ BL(X A), which imphes that BL(X A) 

is ^4— subalgebra of 9Jl(X — > ^4), and the proof is completed. □ 

Remcirk 4.12. For any non- Archimedean metric spaces {X, dx) and (y, o?y), 
denote 



5. Ultrametric structures on non-Archimedean meeisures 

Let X be a complete non- Archimedean valued field with absolute value | | , and 
X be a subset of K. Then with the metric induced by the absolute value | |, -fi' 
become a non- Archimedean metric space and X is one of its subspace. It is well 
known that every non-empty open subset in a non- Archimedean metric space is a 
disjoint union of balls of the forms Ba{r) (see [Sc], p. 48). In this section, we assume 
that every ball in X is compact and contains at least two distinct points. Then it 
follows that an open subset of X is compact if and only if it is a finite disjoint union 
of balls. Recall that a valued distribution on X is a finitely additive function 



II is called a valued measure if — sup{|/x(t/)| : U e fl{X)} < oo (see [K], 
[Sc]). Such a measure can be integrated against any continuous valued function 
/ on any compact subset C/ of X by evaluating the limit of Riemann sums 



^^{X, Y) = {all maps P : M^,{X) ^ Y} ^ m{M^{X) Y). 



Then one can similarly define and study non- Archimedean metrics Pxy 



for ^^{X,Y). 



11 : f2(X) = {all compact open subsets U oi X} 



K. 
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taken over increasingly fine covers of U by mutually disjoint compact open subsets 
Uj (see [DD, p. 308] and [K, p.39]). By definition, a valued distribution ji is 
completely determined by its values on the balls, i.e., on the elements of M.\,{X). 
In particular, // can be considered as a valued function on M.\,{X), that is, the 
restriction h\m^{x) G '^'o{X,K). We denote 

DIS(X K) — {all K — valued distributions on X}, and 
MEA(X K) ^ {all K - valued measures on X}. 

By the definition of valued distribution and Theorem 4.2.(1) above, it is easy to 
see that all I3x,k I^*x,k non- Archimedean metrics on DIS(X ^ i^), in par- 
ticular, (DIS(X — )■ K), /3x,k) is a non- Archimedean metric space, and {MEA{X — > 
K), /3x,k) is one of its subspace. Here 

Px,k{1^' i^") = Px,k{1^'\M^{X)-' l^'^M^iX)) 1^*X,k{1^' l^") = P*X,k{1^\m\,{X)-' A*|7W|,(X)) 

(VAf',At"eDIS(X^ir)). 

For a sequence of iiT— valued measures {iin}'^=i and fi in MEA(X — )■ i^), it is called 
that converges to written — >■ /x, if for every / e €.{X — >■ K), fd/in 

fd/j, as n ^ oo, i.e., | fd/in — fx /^A*l ^ as n ^ oo. One can easily see that 
the following statements hold (see [K] and [Wa]): 

{1) li /In {n — 1, ■ ■ ■ , oo) and /i are i^— valued measures such that for every subse- 
quence Hn{k) (^ = 1) ■ ■ ■ ) <^) there is a subsequence Hn{k{r)) A*, then /in A*. 
(2) For /ii, At2 e MEA(X ^ K), ii fd/n = /^A*2 for all / e €{X K), then 

It follows that a convergent sequence of i^— valued measures has a unique limit. 
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We say that the i^T— valued measures /x„ uniformly converge to G MEA(X K), 
written //„ =^ /i, if fd/in — >■ Jx fd/J' uniformly for all / e €{X K) as n — >■ oo. 
We say that /i„ — >■ in total variation if sup^g^^^^-) — ^x{B) | ^ as n ^ oo. 

Definition 5.1. Let X be a compact subset of K. For /^i, G MEA(X ^ iiT) 
and / e €(X — > X), we denote fd{^\ — 1x2) — fd^i — fdiJ,2, and define the 
/T— valued Dudley metric (we will show that it is indeed a metric) as follows: 

5x,k(//i,/^2) = sup{| / - pi2)\ : / e €(X ^ X) and \\f\\^ < 1}. 

(See Definition 4.10 above for H/Hgj). 

Theorem 5.2. Dx,k is a non- Archimedean metric on MEA{X — > K). 

Proof. Obviously, Dx,k{i^,IJ') = and Dx,k{iJ'1, 1^2) = Dx,k{iJ'2, l^i) > for 
all Ai,Aii,At2 e MEA(X ^- i^). Now let /Xi,/X2,/X3 G MEA(X K), since 

I / fdil^i- 1^2)1 = \ / fd{ni-n^)+ / fd{n^-H2)\ 
Jx Jx Jx 

<max{| / /rf(;,i-^3)|, I / /rf(;,3-;,2)|} (V/e£(X^ir) with \\f\\^<l)^ 

JX Jx 
we have Dx,k{ij^\, IJ.2) < 

sup{max{| / fd{f,i - /X3)|, I / fdifxs - 1^2)]} : / G e:(X ^ X) with < 1} 

Jx Jx 

= max{Dx,K{l^u /^a), Dx,k{i^3: 1^2)}- 
Hence the strong triangle inequality holds. 

Lastly, we assume that Dx,k{i^1: 1^2) = 0, and we need to show that /xi = /i.2. To see 
this, by the assumption, we have | J-^ fd{iii — //2)| = 0, and hence 
fx fdl^i = fx fdl^2 for all / G C:(X ^ K) with \\f\\^ < 1. (*) 
Take B e M.\,{X), and let xb be the characteristic function, i.e., 
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{1 ii X e B 
otherwise "^^^^ ^ locally constant function, hence a contin- 

uous function on X (see [K], p. 31), i.e., xb G K). Moreover, it follows 

easily by definition that ||xb||oo — 1 ^-nd dil(xB) < 1/diamS. If diamS > 1, 
then dil(xs) < 1, so Hxellgj = ||xs||oo = 1, hence by the above {-k), we get 
A^i(-S) = fx XBdi^i = XBdii2 = l^2(B). 

If diami? < 1, then we take a,b & B with a ^ b, and let c = a — 6, then c & K and 
< |c| < diamS < 1. Let / = c-xs, then / e €{X K), \\f\\^ = |c|-||xb||oo = |c|, 
and dil(/) = |c| • dil(xB) < |c|/diamS < 1, which implies H/Hgj < 1- Then 
by the above (ic), we have J-^fdni = J^fdiJ,2, i-e., J^c ■ XBd^i = Jx^ ' XBdn2, 
so JxXBd/ii — JxXBdiJ>2, i-e., A*i(-B) = A*2(-B). To sum up, we have shown that 
Hi{B) = ii2{B) for every B e A^|,(X), which implies fii = ii2- Therefore, Dx,k is a 
non- Archimedean metric on MEA(X — > K). The proof is completed. □ 

For X and K in Definition 5.1, recall that 
BL{X ^K) = {fe DJl{X ^ K) : H/Hg^ < oo}. 

Theorem 5.3. Let X be a compact subset of K. For /j, and a sequence 
in MEA(X — >■ X), if there exists a c > such that < c for all positive integers 
n, then the following statements are equivalent: 

(1) 1^- 

(2) fdi^n fx fdl^ for all / e BL{X K). 

Proof. (1) =^ (2). Let / G 'BL{X K), then H/Hg^ < oo, in particular, 
dil(/) < oo. So / is uniformly continuous, and / e Cu{X K) C €{X — > K), 
hence fd/^n Jx fd/^- 
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(2) 



(1). Let Step(X) = {K — valued locally constant functions on X}, then 



Step(X) is dense in the Banach space €{X — > K) with the supremum norm 
II • lloo defined above (see [Wa], p.237). We assert that Step(X) C m.{X K). In 
fact, since X is compact, for every g e Step(X),5' is a finite linear combination of 
characteristic functions of disjoint balls, i.e., g — YliKKr^iXii where Oj e K,Xi is 
the characteristic function of the ball and X = Ui<j<r-Bi (the disjoint union). 
Obviously, ||5'||oo — max{|aj| : i — 1, • ■ • ,r} < oo. Fix a point Xi e for each 
i, then dist{Bi, Bj) = \xi — Xj\ for each pair (see [Sc], p. 48). Denote 7 = 

mindxj — Xj\ : 1 < i, j < r and i ^ j} and a — max{|ai — aj\ : 1 < i,j < r}, 
then 7 > 0, < q; < 00, and it is easy to verify that dil(5f) < a/j < 00, hence 
1 1 c/ 1 1 5^ < 00. Therefore Step(X) C 5L(X K). 

Now for every / e €.{X — >■ K), since Step(X) is dense in (i{X — >■ K), there exists 
a Cauchy sequence {/m}m=i Step(X) such that /,„ f. Then by the proof of 
Proposition 12.1 in [Wa], we have 



Moreover, for every such as shown in the above assertion, it is also in BL{X — > 



Denote cq = max{||//||, c}. Then by the hypothesis, ||//„|| < cq for all positive 
integers n. Now for any £ > 0, since fm ^ f under the supremum norm || • ||oo, 
there exists a M > such that for all integers m > M we have ||/m — /||oo < £^/co, 
in particular, \fmix) - fix)\ < e/cq for all x e X. So \ Jx frnd/in - /x/^A*nl < 
£/co • Co = £ for all positive integers n and all integers m > M (see [K], p. 40). Also 
I fx frnd/ji — fx fd/ji] < e for all integers m > M. We fix an integer mo > M, then 




K), so by the assumption, we have Jx fmdiin Jx fmdii as n ^ 00. 
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from fmodUn fx fmodn as n ^ oo, there exists a > such that for all 
integers n > N, we have | f mod/in — Jx fmodiJ>\ < s, and then 

I / fdUn - / fdfj.\ < 
Jx Jx 

{\ / fd/In- / fmod/J'nl, \ / fmod/J'n - / /moC?/^|, I / fmodlJ>- / fd/l]} 

Jx Jx Jx Jx Jx Jx 



max 



< e. 



So fd/in — > Jx fd/J' as n — > oo, hence — > /i. The proof is completed. □ 

Theorem 5.4. Let X be a compact subset of K. For fi and a sequence 
in MEA{X K), if there exists a c > such that \\Hn\\ < c for all positive integers 
n, then we have 

(1) Dx,K{lJ'n: //) ^> =^ ^ 

(2) l3x,K{l^n: 1^) ^ ^ /In ^ IJ" 

Proof. (1) Let B e M.\,{X) and xb be the corresponding characteristic 

function. Take a = b—c for some b,c & B with b ^ c, then a & K and |a| < diam(i?). 

We set Y = I Then from the proof of the above Theorem 

{ a - Xb if diam(i?) < 1. ^ 

5.2, we know that HxUgj < 1, and then | JxXd/J'n — JxXd/J'l < Dx,K{l^'m ~^ 0, so 
XC^A*n — >• jx xdfJ^, and so XBdjJin ~^ jx XBdn- It then follows that — > 
g'd/x for all g e Step(X). 

Now let / G £(X — )■ i^), then as discussed in the proof of the above Theorem 5.3, 
there exists a Cauchy sequence {fm\m=i ™ Step(X), such that fm — > /. By the above 
discussion, we have fradfJ^n jx fmdlJ> (m = 1, 2, • • • ). Denote Cq = max{||/i||, c}. 
For any £ > 0, since — > /, as discussed in the proof of the above Theorem 

5.3, there exists a positive number M such that for all integers m > M, we have 
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I fx fmdUn — fx /<^A*n| < £ for all integers n > 0, and | fmdn — fx /"^A*! < ^- -^i^ 
integer mo > M, then since fmodlJ'n fx fmodii as n — >■ oo, there exists a. N > 
such that for all n > N, we have | fmodl-i'n ~ fx fmod^x\ < e, then as done in the 
proof of the above Theorem 5.3, we have | fdi^n — fdn\ < s. Hence — >■ /i. 
This proves (1). 

(2) If (3x,K{lJ"n-, lA ~^ 0, then by Theorem 4.2.(2) above, we have Ps{iJ.n-, 1-^) 0, 
i.e., supb^^^^x) \l^n(B) - ii(B) \ 0, and then | J^XBd/^n - JxXBdi^\ = \Hn(B) - 
IJ>{B)\ 0, i.e., JxXBdUn JxXBdn, where xb is the characteristic function 
of B {yB e M\,{X)). It follows then J^gdjin fx 9dl^ for all g e Step(X), 
and as done in the proof of the above (1), one can similarly show that, for every 
/ e €{X K), fdfj^n — ^ fx fdfJ^ as n — >• oo, so /in A*. This proves (2), and 
the proof of Theorem 5.4 is completed. □ 
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